Our objective in this paper is to solve a second order differential equation for a long, simply supported column member subjected to a lateral axial load using Heun's numerical method. We will use the solution to find the critical load at which the column member will fail due to buckling. We will calculate this load using Euler's derived analytical approach for an exact solution, as well as Euler's Numerical Method. We will then compare the three calculated values to see how much they deviate from one another. During the critical load calculation, it will be necessary to calculate the moment of inertia for the column member.
3
The governing equation-known as Euler's equation-for a column experiencing an axial load can be either found in a textbook, or determined from the free body diagram of the column ( fig. 2) , which depicts the forces acting on the member. For the column to remain in its vertical position, equilibrium of the moment and axial forces must be attained. The free body diagram shows that the downward force acting on the column member creates a deflection (w) and the moment (M) opposes the deflection by applying an internal force. Therefore, equilibrium is attained when
The moment is related to the transverse displacement (w) by 
If M is removed from equations (1) and (2), the result is the governing equation for elastic buckling of a relatively long, slender column (ref. #4):
This second order homogeneous differential equation can be solved using numerous methods. Here, the equation will be solved using the Heun's Numerical Method and then verified using Euler's Numerical and Analytical methods. 
Now, instead of having one second order differential equation, we have two first-order differential equations that need to be solved simultaneously. We need to start by estimating the slope: 
This is Euler's Numerical Method and is calculated in the Appendix. We must now modify, and take the average of the estimated slopes as formulated by Heun. If we continue to solve these equations simultaneous, we can perform the calculations on the left, where ka, kb, Ka, and Kb are the adjusted tangent line slopes and w i+1 and y i+1 are the averages of the two slopes for each of the two equations. Now we can place these six equations on a spreadsheet, and solve for (See the Appendix). Since = / , the critical axial load that a simply supported column member can support is = • . When solving an equation numerically, the initial slope must be estimated by trial and error. Heun decided that it is necessary to assume a relatively small initial slope in order to correctly determine a numerical solution. Heun also stated that it is important to choose a small or "step size" to obtain the most accurate solution. For this problem, using Heun's method and Euler's numerical method, the initial slope of the solution is set at 0.1 inch. This small initial slope, with the aid of the adjusted tangent lines, allows us to obtain an accurate numerical solution to this problem. For a column member that is 120 inches long, the value calculated for is approximately 0.000686/in 2 . Remember that this numerical solution is only an approximation to the actual solution. Since an actual solution to equation (3) These equations can only be used for a member that is symmetric to the coordinate plane.
In most cases-in the practice of engineering-the objects that are used have relatively basic geometric shapes (ref. #6); therefore, the moment of inertia formula has already been derived and is published in many textbooks. Below are the methods used for square and circular columns that are 120 inches long. This length was chosen, because it is the length that was considered on the Excel spreadsheet and P cr has already been determined. The formula for This is the inertia about the x-axis, the axis that experiences the buckling. If the inertia about the y-axis is calculated, we would cube 120 inches, so the moment of inertia in the y-direction is much stronger than that in the x-direction. We must note that in buckling problems, the coordinate plane is chosen so that if the column is rotated 90 degrees, the center of the member is on the positive axis. This means that the buckling will not occur along the y-axis (ref. #7). 7 For a cylindrical column member the inertia is calculated by using the polar coordinates r and , where, 
Above, we considered a column member with a round geometry, one inch in diameter and 120 in. long. The moment of inertia is
Notice that the moment of inertia for a circular object is independent of its length.
The elasticity of the material must now determined. The elasticity is the Young's Modulus of Elasticity. The unit for elasticity is lb/in 2 and is tabulated in a variety of books. The Young's modulus (E) is a measure of the stiffness of an isotropic elastic material (ref. #7). When the axial load is increased, the elasticity of the material will allow the column to deflect slightly. If the axial load is then decreased, the elasticity, along with the moment of inertia, allows the column to return to its original vertical position. But when the critical load is reapplied, it will not be able to return to its original position when the load is removed, remaining in a permanent deformation. This is known as the elastic limit (ref. #3). At this point an axial load has the ability to create the buckling phenomena. Here, we will use the Elasticity (E) value of steel, which is 30,000ksi (kilo-pounds per square inch) (ref. where ( ) is the mode in which the column will buckle and is an integer. The figure to the left shows two simply supported column members. The column on the left has = 1, while the column on the right will have = 2. This picture only shows the first and second modes of buckling, but there can be many modes. If the design called for another support between the top and bottom of the column member, meaning that the column has supports at four sections of its length-the two ends and two throughout its length-then the mode of buckling would be three. The other variable, , is the total length of the column member. For our simply supported column, = 1 and = 120in. Now, let us calculate the exact maximum load that a round, one inch diameter 9 column member subjected to an axial load is capable of supporting. This slight deviation is acceptable since the difference is only twenty-three lbs, and in practice the axial load would be considerably less than the critical load the member can support. What happens if the length of the column is changed? By changing the selected data in our spread sheet and allowing excel to recalculate / , we may easily calculate a new value using Heun's Method. For a column that is thirty inches long, having the same diameter as before, as well as the same material, the numerical analysis gives = 264,702lbs. , and the exact solution is 258,255lbs. These values make sense, because a shorter column member should be able to support a greater load than a longer column. This deviation in calculation is a substantial amount, but the problem is not that the methods used to calculate the critical load of a column member are incorrect; it is that these methods are not used to calculate the critical load of a short column. Is there any deviation for a column member of the same material and diameter, but 170 inches in length? Again, using the spreadsheet to recalculate a new at this length, we obtain 8,054lbs and an exact solution of 8,042lbs. Do the values make sense? They do, because as the column increases in length, the critical load that the column is able to support decreases. Therefore, as the length of the column increases, Heun's Method deviates slightly from the exact calculation that was derived by Euler. This slight deviation allows one to assume that the Heun's Numerical Method is a good method to use, especially when there is no analytical solution to the differential equation being considered.
Conclusion
In this paper, we have seen three different approaches to finding the maximum axial load that a simply supported column member is able to support before it is subjected to buckling. We used Heun's and Euler's Numerical Methods to find this critical load by numerically solving the governing equation (3) for a simply supported column member subjected to an axial load. We also compared the values that we calculated numerically with Euler's derived analytical approach for an exact solution. In the comparison of the three methods, there is some deviations in the calculated critical loads. The deviation is small for relatively long, thin column members-only about ten pounds. These small amounts are overlooked in practice because they are only theoretical values and if a round column that is 120 inches long is subjected to an axial load of 6,000 pounds, the column's Moment of Inertia should be increased. Thus, the design will call for a larger column diameter. In equation (a), one must evaluate the two constants of integration A and B. Two boundary conditions must be considered for the column to be in equilibrium: 
